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Conversion Factors

Multiply By To obtain

Length
meter (m) 3.281 foot (ft)

kilometer (km) 0.6214 mile (mi) 

Density
gram per cubic centimeter (g/cm3) 62.4220 pound per cubic foot (lb/ft3) 

Multiply By To obtain

Length
foot (ft) 0.3048 meter (m) 
mile (m) 1.609 kilometer (km)

Density
pound per cubic foot (lb/ft3) 0.01602 gram per cubic centimeter (g/cm3) 



Abstract
The presence of gas hydrate in pore spaces of unconsoli-

dated sediments increases both P-wave and S-wave velocities, 
whereas in sediments that are partially gas saturated, P-wave 
velocities decrease significantly and the S-wave velocities 
either increase slightly or do not change. Also, shallow sedi-
ments inside the gas-hydrate stability zone are commonly 
overpressured, in which case both P- and S-wave velocities 
decrease as pore pressure increases. Therefore, elastic prop-
erties of gas-hydrate–bearing sediments are important for 
quantifying amounts of gas hydrate as well as for discriminat-
ing its effect on velocity from the effect of free gas or pore 
pressure. Elastic properties of gas-hydrate–bearing sediments 
can be estimated from angle stacks by using elastic inversion 
methods. Commonly used elastic inversion methods assume 
that the V

S
/V

P
 ratio is 0.5. However, the V

S
/V

P
 ratios of gas-

hydrate–bearing sediments are generally much less than 0.5, 
unless the gas-hydrate saturation is high (more than about 
80 percent). The V

S
/V

P
 ratio of 0.5 (or some other constant) 

is assumed, because the elastic inversion requires the V
S
/V

P
 

ratio to be known. In order to perform elastic inversion for 
sediments whose V

S
/V

P
 ratio is much less than 0.5, predicted 

S-wave velocities are used to derive the V
S
/V

P
 ratio necessary 

for the inversion. Model results indicate that this approach 
works well for both noise-free and noisy data. However, for 
inverting inaccurate data (that is, data containing random 
noise), a sequential estimation of P-wave impedance from the 
zero-offset stack and then S-wave impedance from the far-
offset stack provides reliable P- and S-wave velocities.

Introduction

Identification and quantification of gas hydrate present 
in sediments are important research areas (Collett, 2002), and 
detailed seismic analysis is necessary to detect gas-hydrate–
bearing sediments. The effect of gas hydrate in sediments 
manifests itself in changes in seismic amplitude and traveltime. 
Because seismically driven interval velocities of sediments 
with and without gas hydrate differ, gas-hydrate–bearing 
sediments can be identified and the amount of gas hydrate can 

be quantified (for example, see Tinivella and Lodolo, 2000; Lu 
and McMechan, 2002; Jin and others, 2003).

Detailed seismic velocity information for sediments is 
essential to accurately estimate the amount of gas hydrate. 
Arrival times provide the low-frequency velocity information, 
and amplitudes provide the high-frequency velocity informa-
tion. By combining amplitude information with traveltime 
information, detailed interval velocities can be estimated. 
The high-frequency part of the velocity information can be 
deduced from the amplitude-versus-offset (AVO) intercept, 
and gradient or elastic impedances calculated through angle 
stacks.

Elastic impedance (EI) is a generalization of acoustic 
impedance (AI) using a three-term approximation of reflection 
coefficients (Connolly, 1999). AI has been used successfully 
to derive P-wave velocities for gas-hydrate–bearing sediments 
(Sakai, 1999; Lu and McMechan, 2002; Jin and others, 2003). 
However, more detailed seismic-attribute analysis for gas-
hydrate–bearing sediments can be accomplished by estimating 
S-wave velocities from the seismic data using elastic inversion 
(Mallick and others, 2000; Lu and McMechan, 2002).

EI can be calculated different ways—for example, by 
full prestack inversion (Mallick, 1999), poststack inversion 
using AVO (termed “AVO inversion”), and poststack inversion 
using elastic impedance (termed “EI inversion”). Although 
computationally expensive, the full prestack inversion is the 
optimum approach to obtain elastic parameters from seismic 
data. However, many good results are obtained by using AVO 
inversion (Mallick, 2001) or EI inversion (Lu and McMechan, 
2004).

AVO inversion or EI inversion generally assumes that 
V

S
/V

P
 = 0.5 or another constant value (Connolly, 1999; Mallick 

and others, 2000; Mallick, 2001), but Lu and McMechan 
(2004) used a variable V

S
/V

P
 ratio on the basis of empirical 

approximation. It has been shown that the error due to the 
assumption of V

S
/V

P
 = 0.5 in the AVO inversion can be easily 

corrected; however, no simple correction exists for the EI inver-
sion, and the estimated S-wave velocity is sensitive to V

S
/V

P
 

(Mallick, 2001).
In this report, the behaviors of EI and AVO inversions 

using well logs acquired at the IPAD I-16 well on the North 
Slope of Alaska are investigated through assumptions of 
varying V

S
/V

P
.
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Elastic Impedances and Inversion
One of the primary goals of seismic-data processing is 

estimating elastic parameters—that is, P-wave velocity (V
P
), 

S-wave velocity (V
S
), and density (ρ)—from seismic data. 

Mallick (1999) demonstrated that the prestack genetic algo-
rithm inversion provides accurate P- and S-wave impedances. 
In the absence of borehole information, an efficient algorithm 
is developed through the use of a combination of prestack 
and poststack inversion (hybrid seismic inversion according 
to Mallick and others, 2000). Hybrid inversion methodology 
uses the prestack inversion algorithm at discrete locations in 
combination with AVO analysis or elastic impedances.

Elastic parameters also can be obtained from angle stacks 
and AVO analysis. Lu and McMechan (2004) derived elastic 
parameters directly from angle stacks by using the concept of 
elastic impedance (Connolly, 1999). AVO intercept and gradi-
ent also can be used (Mallick and others, 2000). Details of EI 
and AVO inversions are presented in this report.

Elastic Impedance

Impedance is generally defined as a product of P-wave 
velocity and density and is related to a normal-incidence reflec-
tion seismogram. However, this definition cannot be applied 
to far-offset data. In order to generalize the normal-incidence 
impedance concept, Connolly (1999) defined EI as follows:

 EI V VP S
k k( ) ( tan ) sin ( sin )q rq q q= + - -1 8 1 42 2 2

 (1a)

where k = (V
S
/V

P
)2 and V

P
, V

S 
, ρ, and θ are P-wave velocity, 

S-wave velocity, density, and angle of incidence, respectively. 
The dimensionality of EI depends on the angle of incidence. 
In order to remove the variable dimensionality from EI, 
Whitcombe (2002) introduced a normalized EI, which is 
defined as

 

EI V V V

V V

P P P

S S
k k

( ) [( / )

( / ) ( / )

( tan )

sin ( si

q r

r r

q

q

= +

- -

0 0

0

0

0

1

8 1 4

2

2 nn ) ]
2 q

 (1b)

where V
P0

, V
S0

, and ρ
0
 are constants. These constants can have 

real meaning such as the average velocities and densities in a 
given area. However, to make the dimensionality of EI con-
stant, V

P0
, V

S0
, and ρ

0
 can be arbitrarily set; the approach used 

in this report was to set these constants arbitrarily to one.
Figure 1A shows calculated EIs at the IPAD I-16 well 

on the North Slope of Alaska for three difference angles of 
incidence: 0° (vertical incidence, denoted by EI(0)), 15°, and 
30°. EI(15) is similar to acoustic impedance (AI), but EI(30) 
is much higher than AI. According to Connolly (1999), the 
magnitude of EI decreases as the angle of incidence increases. 
Modeling for a low-porosity consolidated rock shows that EI 
decreases as the angle of incidence increases, as Connolly 
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Figure 1. Examples of elastic impedance (EI) calculated 
from well logs at the IPAD I-16 well on the North Slope of 
Alaska. A, Noise-free EIs calculated at θ = 0°, 15°, and 30°. B, 
Noisy EI(0) generated by adding 1 percent random noise to 
EI(0) in A.
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(1999) indicated. However, the behavior of EI presented in 
figure 1 is different from the general behavior of EI observed 
by Connolly. The increase of EI with increasing angle of 
incidence is due to the unconsolidated nature of the sediments 
at the IPAD I-16 well.

The reflectivity of normal incidence R
0
(t), which is approx-

imately equal to zero-offset stack, can be approximated by

 
R t

d AI
dt0( )

ln( )
=

1
2  (2a)

where AI is acoustic impedance or EI(0) and t = two-way 
traveltime. Note that the EI defined in equation 1b has the 
same dimensionality as AI. AI can be derived from the 
normal-incidence reflectivity section by

 
ln( ) ( )AI R t dt= ò 2 0  (2b)

By using a similar approach as that for AI, Connolly (1999) 
derived the EI from the reflection coefficient at the angle 
of incidence θ, Rθ(t), which is approximately equal to angle 
stacks at θ, as follows:

 
R t

d EI
dtq

q
( )

ln( ( ))
=

1
2  

and

 
ln( ( )) ( )EI R t dtq q= ò 2

 (3)

As shown in equation 3, EI can be estimated from the 
angle stack. However, the low-frequency part of EI should 
be provided to derive reasonable impedance from equation 
3. Mallick and others (2000) demonstrated that the prestack 
genetic algorithm inversion delivers the accurate low-frequency 
P- and S-wave impedances necessary for equation 3.

EI Inversion

Equation 1 can be written as

 

ln( ( )) ( tan )ln( )

( sin )ln( ) ( sin )ln(

EI V

k V k

P

S

q q

q q r

= + +

- + -

1

8 1 4

2

2 2 ))  (4)

The unknowns in equation 4 are V
P
, V

S
, and ρ. Therefore, if 

three EIs at different angles are known, these unknowns can be 
calculated by solving the following matrix equation:
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Inversion of Noiseless Elastic-Impedance Data
One problem in solving equation 5 is the unknown k. It 

is common to use k = 0.25, which is the case of V
S
/V

P
 = 0.5. 

However, it is noted that values for k as low as 0.1 have been 
used for unconsolidated sediments (Lu and McMechan, 2004) 
and can be much lower. The strategy of solving equation 5 is 
as follows:

Start with k (initial k is k
int

).

Set k
old

 = k.

Solve equation 5, and calculate k
new

 with the inver-
sion result.

Compare k
old

 with k
new

, and if the difference is less 
than the critical value, stop; if not, proceed to step 5.

Set k = (k
old

 + k
new

)/2, or choose a new k by other 
means.

Go to step 2.

Figure 2 shows inversion results using this procedure. 
The P-wave velocity (fig. 2A) and density (fig. 2C) are accu-
rately estimated from the inversion of noiseless EI shown in 
figure 1A. However, the inverted S-wave velocities (fig. 2B) 
are inaccurate in some places. The inversion shows that if the 
correct k is used, the inversion is exact.

In order to overcome the problem of a possibly incorrect 
k, the following procedure is tested:

Calculate porosity by using the estimated density 
from the inversion result for noiseless EI.

Predict S-wave velocity from the previously inverted 
P-wave velocity and calculated porosity (for 
example, Lee, 2005) or from just the porosity (for 
example, Lee, 2002).

Calculate k from the previously inverted P-wave 
velocity and predicted S-wave velocity.

Solve equation 5 with this new k.

The results of the new inversion procedure are shown as 
the solid red line in figure 2B (note the significant improve-
ment of the S-wave velocity through the use of the new 
procedure). The mismatch near 2,700 ft is due to the use of the 
wrong lithology in the inversion (this interval corresponds to 
a coal seam). Because shaly sandstone lithology is used, the 
predicted S-wave velocity is higher than the measured veloc-
ity. Consequently, the inverted S-wave velocity is higher than 
the measured velocity.

This inversion procedure using equation 5 is not practical 
for noisy data, as was noted by Mallick and others (2000) and 
Lu and McMechan (2004). However, this inversion exercise 
indicates the importance of applying a reasonable value for 
k; instead of merely assuming that k = 0.25, for example, the 
predicted S-wave velocity may be used to compute k in the 
inversion scheme.

1.

2.

3.

4.

5.

6.

1.

2.

3.

4.
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Figure 1B shows an example of noisy impedance (EI(0)) 
using 1 percent random noise added to the true EI(0). The 
inversion results from the noisy impedance data using the 
procedure for noise-free impedance data (that is, solving 
equation 5) are unstable, confirming previous research (Lu 
and McMechan, 2004; Mallick, 2001). Inversion results for 
noisy impedance data using the proposed method are shown in 
figures 3 and 4. In order to derive P-wave velocity and density 
from the AI data, ρ = 1.3 + 0.35V

P
 is used. Results indicate 

that the general trend of P-wave velocity, S-wave velocity, and 
density from inversion agree well with measured ones.

In order to overcome the instability of impedance inver-
sion using equation 6, Lu and McMechan (2004) proposed the 
following approximation (LM approximation) for seismic data 
from the Blake Ridge, which is located off the southeast coast 
of the United States:

 

ln( )
ln( )( sin ) ln( ( ))

sin

( . )

r
r q q

q
V

V EI
k

k
ak

k
b

S
P»

+ -
-

- -

1
8

3
4

0 25
1

2

2

ææ
è
ççç

ö
ø
÷÷÷

 (7)

where a = 8.0 and b = 0.5 for k < 0.25, and a = 3.0 and b = 3.0 
for k > 0.25.

The inversion result for the S-wave velocity using 
equation 7 is shown in figure 4B. Figure 4 indicates that the 
inversion result from the original formulation (eq. 6) works 
better than the LM approximation. For deeper parts of the well 
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Inversion of Noisy Elastic-Impedance Data

As mentioned previously, the inversion scheme shown 
in equation 5 is unstable even with small amounts of random 
noise, so is not practical for real seismic data inversion. In 
order to overcome this problem, the following inversion proce-
dure is attempted, following Lu and McMechan (2004).

Estimate the P-wave impedance (AI inversion) by 
using EI(0) or AI.

Calculate P-wave velocity and density from the 
estimated P-wave impedance at step 1 by using the 
relationship between P-wave velocity and density 
such as that given by Gardner and others (1974).

Calculate porosity from density.

Predict S-wave velocity from the previously inverted 
P-wave velocity (at step 2) and calculated porosity 
(at step 3) (for example, Lee, 2005).

Calculate k from the previously inverted P-wave 
velocity and predicted S-wave velocity. For noisy 
data, smoothing the calculated k is recommended.

Solve the following equation for V
S
 by using EI 

calculated at θ ≈ 30°:

 ln( )
( tan )ln( ) ln( ( )) ( sin )ln( )

sin
V

V EI k
kS

P=
+ − + −1 1 4

8

2 2

2

θ θ θ ρ
θ  (6)

1.

2.

3.

4.

5.

6.

Figure �. Examples of elastic-impedance (EI) inversion using noise-free data shown in figure 1A. The black lines denote the EI-
inversion result without using predicted S-wave velocity (VS). Red lines represent the EI-inversion result using the predicted S-wave 
velocity during inversion.
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Figure �. Example of elastic-impedance (EI) inversion 
for P-wave and density using noisy EI data (1 percent 
random noise). P-wave velocities (VP) and densities are 
estimated from the acoustic-impedance (AI) inversion 
by using EI(0). A, P-wave velocity. B, Density.

(not shown), as depth increases, the inversion result using the 
LM approximation deteriorates (causing underestimation), 
whereas the S-wave velocity estimated from the original 
formulation follows the measured velocity accurately. It is 
not surprising that the LM approach is inferior to the present 
method, because the LM approximation is derived from data 
taken at Blake Ridge. However, a lesson from these results 
is that incorporating variable k in the inversion scheme using 
the predicted S-wave velocities eliminates the need for any 
approximation. Therefore, equation 6 can be successfully 
applied to noisy data by using the predicted S-wave velocities 
in the inversion scheme.

Inversion by Linear Approximation

If k = 0.25 and the angle of incidence is small (that is, 
tan2θ ≈ sin2θ), equation 6 can be written as (Cambois, 2000; 
Mallick and others, 2000)

            
ln( )

( sin )ln( ) ln( ( ))
sin

r
q r q

q
V

V EI
S

P=
+ -1

2

2

2  (8a)

or

     ln( ( )) ln( ) [ln( ) ln( )]sinEI V V VP P Sq r r r q= + -2 2
 (8b)

There are two ways to derive V
S
 through the use of this 

approximation. The first one is using equation 8a directly. The 
second one is using equation 8b and AVO analysis. The advan-
tage of using equation 8b is that the elastic impedance can be 
related to the AVO parameters intercept A and gradient B. By 
linear approximation of the log of EI with respect to x = sin2θ, 
the intercept and slope can be estimated (Mallick and others, 
2000). From the estimated slope and intercept, P-wave and 
S-wave impedances can be calculated.

Note that this approximation is based on the EI derived 
from the two-term approximation of reflection coefficient 
instead of the three-term approximation (Mallick, 2001). The 
linear approximation is possible because k = 0.25 is assumed 
and the angle of incidence is less than about 25° (Mallick, 
2001). For unconsolidated gas-hydrate–bearing sediments, k is 
usually less than 0.25. Therefore, the linear approximation is 
not an accurate method of the impedance inversion for gas-
hydrate–bearing sediments, as is illustrated in figure 4A. Most 
of the S-wave velocities estimated from the linear approxima-
tion of EI inversion are smaller than the measured velocities. 
In this example, the underestimation is mainly caused by 
assuming tan2θ ≈ sin2θ, whereas the angle used here is >25°. 
Although the accuracy of EI inversion using the linear approxi-
mation can be increased by limiting the angle of incidence to 
<25°, models indicate that the original formulation (equation 6) 
works much better than the linear approximation (equation 8) 
for these well-log data.

Elastic Impedances and Inversion  �
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The shear-wave reflection coefficient is given by
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If the relationship between P-wave velocity and density 
given by Gardner and others (1974) is used in equation 9, it 
can be shown that
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5

V
V

R AP

P
PP

 (11)

Then, from equations 9 through 11,
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Figure �. S-wave velocities that resulted from the elastic-impedance (EI) inversion of noisy data (1 percent random noise). A, 
Estimated S-wave velocity using k calculated from the predicted S-wave velocity and the exact EI equation (that is, equation 6). 
B, Estimated S-wave velocity using k calculated from the predicted S-wave velocity and the approximate EI equation (LM 
approximation) of Lu and McMechan (2004). AI, acoustic impedance.

AVO Inversion
Estimating elastic parameters from the AVO analysis 

is a two-step process:

Estimate P- and S-wave reflection coefficients 
(R

PP
 and R

SS
) from the AVO parameters intercept 

A and gradient B.

Estimate velocities from the reflection coeffi-
cients.

Shear-Reflection Coefficient from AVO

The three-term P-wave reflection coefficient is given 
by Aki and Richards (1980) as

 R A B CPP ( ) sin sin tanq q q q= + +2 2 2
             (9)

where

A
V

V
RP

P
PP= +

æ

è
çççç

ö

ø
÷÷÷÷
=

1
2

D Dr
r

1.

2.
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R

A B
SS =

+ -
+

( / )
( )

1 5
2 1
D

D
s

s  (12)

where ∆σ = 4k – 1. If ∆σ = 0 or (V
S
/V

P
) = 0.5, then equation 

12 becomes (Swan, 1993; Mallick and others, 2000)

 
R

A B
SS =

-
2  (13)

Figure 5 illustrates the shear-reflection coefficient calcu-
lated from equation 12 with A = 0.111 and B = −0.172 (these 
coefficients are calculated directly from equation 9, not from a 
least-squares fit to the AVO data). These values are calculated 
from an interface between a wet-sediment (V

P
 = 2.088 km/s, 

V
S
 = 0.710 km/s, ρ = 2.140 g/cm3) and a gas-hydrate–bear-

ing sediment (V
P
 = 2.791 km/s, V

S
 = 1.229 km/s, ρ = 1.998 

g/cm3). Therefore, a true R
SS

 is 0.232. If equation 13 is used 
to compute the shear-wave reflection coefficient, R

SS
 is about 

0.140. Because the true (V
S
/V

P
)2 across the boundary is about 

0.156 (or ∆σ = −0.376), the R
SS

 using equation 12 is about 
0.22, which is close to the true R

SS
 (shown as a closed star in 

fig. 5). However, equation 12 is unstable for smaller values of 
V

S
/V

P
. Thus, equation 13 is generally used to derive the shear-

reflection coefficient.

Shear-Wave Velocity from AVO

Similarly to the EI-inversion approach, the P-wave 
impedance is derived from the AI or from the AVO parameter 
intercept A. The estimation of S-wave velocity is as follows:

Use the ρ
i
 from the AI inversion to compute porosity 

φ
i
 under the assumption of water-saturated sediments.

Predict S-wave velocity (V
S,i

) from V
P,i

 and φ
i
 or from 

just φ
i
.

Use V
P,i

 and V
S,i

 to compute k
i
.

Use A
i
 and B

i
 to compute R

SS,i
 from equation 13, or 

use A
i
, B

i
, and k

i
 to compute R

SS,i
 from equation 12.

Use smoothed k
i
 and the low-frequency part of 

P-wave impedance (LFI
VP

) to compute the low-fre-
quency part of shear-wave impedance (LFI

VS
); that 

is, LFI k LFIV i VS P
= .

Compute the high-frequency part of S-wave imped-
ance by

 

ZS
R

R
ZSi

SS i

SS i
i=

+

- -

( ),

,

1

1 1

, i = 1, N. (14)

7. Add LFI
VS

 to the high-frequency part of S-wave 
impedance

1.

2.

3.

4.

5.

6.

 
ZS ZS LFIi i VS i

= +
,  (15)

8. Use the density estimated from the AI inversion to 
compute V

S,i
 from ZS

i
.

AVO Parameters from Elastic Impedance

The AVO parameters intercept A and gradient B are gen-
erally derived by using least-squares fitting of the AVO data. 
However, these parameters can also be calculated from angle 
stacks. The AVO parameters and elastic impedance are related 
in that both are derived from the two-term approximation of 
the reflection coefficient shown in equation 9. The relation-
ship between the angle stack and EI(θ) is shown in equation 3. 
However, the following equation for EI can be derived on the 
basis of the linear approximation:

 ln( ( )) sinEI q a b q» + 2
 (16)

where α = ln(ρV
P
) and β = ln(ρV

P
) – 2 ln(ρV

S
). Comparing 

equation 16 to the two-term approximation of equation 9 
∆σ
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Figure �. Relationship between reflection coefficient 
(RSS) and the squared ratio of S-wave velocity to P-wave 
velocity (VS /VP)2. Parameter ∆σ (= 4(VS /VP)2 – 1) signifies the 
difference between the true velocity ratio and the assumed 
velocity ratio of 0.5 in the calculation of RSS.
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allows the relationship between EI and AVO parameters to be 
derived as follows:

 
A

d EI
dt

d AI
dt

= =
1
2

0 1
2

ln( ( )) ln( )

 

 
B

d EI dt A
= -

1
2 2 2

ln( ( ))/
sin sin

q
q q  (17)

Or, by using the angle stack given in equation 3, the AVO 
parameter B can be written as (Connolly, 1999)

 
B

R A
=

-q

qsin2  (18)

Therefore, in practice, either AVO analysis or angle stacks can 
be used to estimate elastic parameters. It is noted that equa-
tions 17 and 18 assume that k = 0.25.

Figure 6 represents estimated reflection coefficients of 
S-waves from AVO intercepts and gradients derived from EI. 
AVO intercepts and gradients are computed by using equation 
17 for the IPAD I-16 well. Figures 6A and 6B represent the 
shear-reflection coefficients estimated from intercept A and 
gradient B by using equations 12 and 13, respectively. For the 
depth interval between 2,710 ft and 2,750 ft, shear-reflection 
coefficients calculated with equation 12 are more accurate. 
However, at the depth of about 2,706 ft, the estimated shear-
reflection coefficient is much larger than the true reflection 
coefficients. This discrepancy in the S-wave reflection 

coefficients is caused by ∆σ approaching –1 in the denomina-
tor in equation 12. As indicated in figure 5, the reflection coef-
ficient becomes very large as ∆σ decreases beyond about –0.6.

In order to mitigate the problem associated with an unre-
alistic reflection coefficient caused by a large-magnitude value 
for ∆σ, the following equation is attempted:

            
R

A B
SS =

+ -
+

( / )
( )

1 5
2 1
D

D
s

s     if ∆σ > –0.6 

     
R

A B
ss »

+ -
-

( / )
( )

1 5
2

1
D

D
s

s
    if ∆σ < –0.6 . (19)

Figure 6C represents the shear-reflection coefficient estimated 
with equation 19. The result indicates that equation 19 is a 
good practical approach for deriving shear-reflection coef-
ficients from AVO intercepts and gradients. The result shown 
in figure 6C indicates that, although the AVO parameters 
intercept A and gradient B are derived under the assumption of 
k = 0.25, equation 19 works acceptably for the IPAD I-16 well, 
where the k values are much smaller than 0.25.

Figure 7 shows the estimated S-wave velocity from the 
AVO intercepts and gradients derived from EI. The low-
frequency part of P-wave velocity is given by

 LFV dP = +1 01 3 76 10 000. . / ,   (20)

where LFV
P
 is in kilometers per second and d is depth in feet. 

For density, Gardner and other’s (1974) relationship is used.
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Figure �. The estimated shear-reflection coefficient (RSS) at IPAD I-16 well on the North Slope of Alaska. A, RSS estimated by using 
equation 12. B, RSS estimated by using conventional approach (assuming VS /VP = 0.5). C, RSS estimated by using the approximation given 
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Overall, the inverted S-wave velocity approach performs 
better with variable k (fig. 7A) than with k = 0.25 (fig. 7B). (It 
should be noted that k = 0.25 is used only in equation 13 and 
the smoothed k is used to derive the low-frequency part of the 
S-wave impedance.) The shear-reflection coefficients derived 
under the assumption of k = 0.25 are less than the true reflection 
coefficients (fig. 6B). Consequently, the variations of inverted 
S-wave velocities with respect to depth if k = 0.25 is used are 
generally smaller than those of measured S-wave velocities.

Results and Analysis

EI Inversion and Errors

Model data examples indicate that the inversion of EIs 
with noise using equation 5 is unstable and inaccurate and 
support the analysis by Mallick (2001). In order to derive a 
stable result, a combination of estimating the S-wave veloc-
ity from EI and the P-wave velocity from AI is investigated 
with good results, which confirms the analysis of Lu and 
McMechan (2004). As long as meaningful k values are used, a 
stable inversion can be established; k values can be (1) derived 
from an empirical formula (Lu and McMechan, 2004), (2) 
defined as a constant such as k = 0.25 (Mallick and others, 
2000), or (3) obtained by calculation using predicted S-wave 
velocities (this report). Modeling indicates that the best results 
are achieved by using variable values for k calculated from the 
predicted S-wave velocity.

In order to have a stable EI inversion, the P-wave imped-
ance is calculated from the angle stack at 0°, and the S-wave 
velocities or impedances are calculated from equation 6. The 
S-wave velocity error associated with an error in EI can also 
be calculated from equation 6. Assuming that there are no 
errors in the P-wave velocity and density and that the only 
error is in EI, then the error in EI can be written as

 

EI EI EI

EI EI EI EI

Þ + =

+ = +

D

D( / ) ( )1 1 g  (21)

Likewise,

 V V V VS S S SÞ + = +D ( )1 e  (22)

If equations 21 and 22 are substituted into equation 6, the fol-
lowing relationship is derived:

 
e

g
q= = -

-
+DV

V
eS

S

k

ln( )

sin

1

8 2 1
 (23)

Figure 8 shows fractional errors of V
S
 when a fractional 

error in EI is 0.1. For a given error in the EI or angle stacks, 
the error in the S-wave velocity increases as k decreases or the 
degree of consolidation decreases. Therefore, more accurate 
EI values are required to derive accurate S-wave velocities for 
unconsolidated sediments. Also, a larger angle stack is preferred 
because the error decreases as the angle of incidence increases.
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Figure �. Estimated S-wave velocities from amplitude-versus-offset (AVO) inversion. The AVO parameters intercept A and gradient 
B are calculated by using EI(0) and EI(30). A, S-wave velocity calculated by using the shear-reflection coefficient (RSS) estimated from 
the AVO parameters A and B through the use of equation 19. B, S-wave velocity calculated by using the RSS estimated from the AVO 
parameters A and B through the use of the conventional equation. C, S-wave velocity calculated by using the RSS estimated from the AVO 
parameters A and B through the use of the conventional equation with the scaling of (1 – ∆σ) = 1.6.
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Figure 9 shows the EI-inversion results for modeled data. 
Figure 9A shows the S-wave velocities estimated from the EI 
inversion when there is only 1 percent random noise in the 
EIs. The black line is the same as the one shown in figure 4B. 
The EI inversion using k = 0.25 slightly overestimates S-wave 
velocities, and inversion using variable k values calculated 
from predicted S-wave velocities is more accurate.

The effect of bulk error or bias in EIs is shown in 
figures 9B and 9C. When the magnitude of the modeled 
EI is greater than that of the true EI, the estimated S-wave 
velocities are smaller than the true velocities, and EI inver-
sion using k = 0.25 appears to perform better than that using 
a variable k. Figure 9C indicates that when the magnitude of 
the modeled EI is smaller than that of the true EI, the esti-
mated S-wave velocities are greater than the true velocities, 
and EI inversion using k = 0.25 appears to perform better 
than that using a variable k.

The fractional errors in EI in figures 9B and 9C are about 
10 percent. Figure 8 indicates that the error of S-wave velocity 
is about –18 percent at k = 0.25 and –30 percent at k = 0.14. 
The average S-wave velocities are 0.700 km/s, 0.595 km/s, 
and 0.520 km/s for the red, blue, and black lines in figure 9B, 
respectively. These average velocities yield fractional errors 
of –15 percent and –26 percent for the blue and black lines, 
respectively, agreeing with the prediction shown in figure 8.

The results shown in figure 9 may indicate that EI inver-
sion with k = 0.25 appears to work better than that using a 
more accurate value for k based on the predicted S-wave 
velocities, if there are some bulk errors in EI. The appearance 
of better performance using k = 0.25 is owing to the fact that 
the low-frequency part of S-wave velocities is better predicted, 
because the errors associated with bias are smaller when k 
is larger. However, the bias error in EI can be controlled by 
a judicious choice of the low-frequency part of velocities or 
impedances. Moreover, EI inversion using variable k values 
predicts more accurate high-frequency variation of S-wave 
velocity than is attained with k = 0.25.

Examples of EI inversion with a judicious choice of the 
low-frequency part of S-wave velocities are shown in figure 
10. In real data analysis, EI can be estimated by integrat-
ing equation 3, which yields the high-frequency part of EI. 
By adding the low-frequency part of EI (calculated from the 
predicted S-wave velocities from the low-frequency part of the 
P-wave velocity) to the high-frequency part of EI, shear-wave 
velocities can be estimated by solving equation 6.

Figure 10A shows the S-wave velocities estimated by 
equation 6 from noisy EI by using the predicted k, and figure 
10B shows those estimated by using k = 0.25. For this model, 
an angle stack R

30
 is calculated from equation 3. The angle 

stack R
30

 is added to 10 percent noise, then R
30

 is integrated 
again to derive the high-frequency part of EI(30). Except for 
localized, very low S-wave velocities due to the presence of 
coals, the result shown in figure 10A is superior to that shown 
in figure 10B.

AVO Inversion with a Scaling Factor

Shear-reflection coefficients estimated by using equations 
12 or 19 are more accurate than those derived from equation 
13, as shown in figure 6. However, for noisy and inaccurate 
real data, the use of equation 13 provides more stable S-wave 
reflection coefficients than those derived by using equation 
12. Commercial software packages also compute R

SS
 by using 

equation 13. The accuracy of S-wave velocities derived from 
equation 13 can be increased by the following additional step.

In real data applications, only relative values of R
SS

 are 
known. Because of this, the R

SS
 derived from AVO parameters 

intercept A and gradient B is scaled to estimate reasonable 
S-wave velocities by using the AVO inversion. If ∆σ is small, 
equation 12 can be written as

 R RSS SS» -* ( )1 Ds  (24)

where R*
SS

 is the shear-reflection coefficient derived by using 
equation 13. Therefore, the application of equation 12 is 
similar to scaling the shear-reflection coefficient derived from 
equation 13, and the conventionally calculated R

SS
 can be used 

for the inversion with appropriate scaling.
Figure 7C shows the S-wave velocities estimated 

from the AVO inversion by using the shear-wave reflection 
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coefficients, which are calculated under the assumption that 
V

S
/V

P
 = 0.5 and corrected with a scaling factor of 1.6. The 

scaling factor 1.6 is calculated as follows: (1) the average 
V

S
/V

P
 for the measured velocities shown in figure 7 is 0.31, 

and (2) on the basis of figure 5, ∆σ for that value of V
S
/V

P
 

(0.31) is about –0.6, therefore (1 – ∆σ) = 1.6. A comparison of 
figures 7A and 7B makes it clear that application of equation 
24 increases the accuracy of AVO inversion, particularly for 
unconsolidated sediments.

Comparison Between EI Inversion and 
AVO Inversion

When using angle stacks, elastic parameters can be 
estimated either from the EI inversion or the AVO inversion 
approach. Let’s assume that there is an error in the angle stack 
(∆Rθ) and there are no other errors. Then, the error in the V

S
 

from the EI inversion is given by equation 23 with

 
ln( )1 2+ = òg qDR dz

 (25)

where γ = ∆EI/EI. Similarly, the error in the V
S
 using the 

AVO inversion with equation 18 is given in equation 23 also. 
Therefore, the difference between the EI inversion and AVO 
inversion is caused by the error in calculating the AVO gradi-
ent B from the angle stack. As mentioned previously, the AVO 
gradient in equation 18 is derived from the linear approxima-
tion of EI. Thus, the difference between the EI inversion and 

AVO inversion is the same as the difference between inver-
sions using equation 6 and equation 8.

Designating V*
S
 to be the shear-wave velocity estimated 

from the linear approximation of EI (equation 8a) and V
S
 to be 

the shear-wave velocity estimated from the original equation 
(equation 6), then the following relationship exists between V*

S
 

and V
S
:

 V V VS S P
* sin( ) ( )= +

-
1 2 2 2D

D D
s

s q
qr  (26)

where ∆θ = tan2θ – sin2θ and ∆σ = 4k – 1.
Figure 11 shows the relationship between V*

S
 and V

S
 

using V
P
 = 2.0 km/s, ρ = 2.0 g/cm3, and θ = 30°. The linear 

approximation overestimates the shear-wave velocity when 
V

S
/V

P
 is <0.3 and underestimates it when V

S
/V

P
 is >0.3. If 

the V
S
/V

P
 ratio is >0.3, the difference between V

S
 and V*

S
 is 

small. However, as the V
S
/V

P
 ratio decreases, the difference 

increases. Thus, this result indicates that the linear approxima-
tion or AVO-inversion method is not a good approach for the 
inversion for unconsolidated sediments. Therefore, in theory, 
the EI-inversion method using the angle stack should perform 
better than the AVO-inversion approach.

Figure 10 shows practical ways of estimating elastic 
parameters from the angle stacks. The inversion results shown 
in figure 10 indicate that the optimum inversion method is EI 
inversion using equation 6 with variable k (fig. 10A), followed 
by AVO inversion using equation 19 with variable k (fig. 10C), 
followed by AVO inversion using equation 13 with a scaling 
factor (fig. 10D). The EI inversion with k = 0.25 (fig. 10B) 
performs the worst in these examples.
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Figure �. S-wave velocities resulting from elastic-impedance (EI) inversions for various noisy EIs. A, From EI(30) with only 1 percent 
random noise. B, From EI(30) with 1 percent random noise and a fractional error of 10 percent. C, From EI(30) with 1 percent random noise 
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Figure 10. S-wave velocities estimated from various inversion methods by using the angle stack with 10 percent noise. A, Estimated 
from the elastic-impedance (EI) inversion with variable k. B, Estimated from the EI inversion with k = 0.25. C, Estimated from the 
amplitude-versus-offset (AVO) inversion with variable k. D, Estimated from the AVO inversion with k = 0.25 and a scaling of 1.6.
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Conclusion
Inversion results using models indicate that EI inversion 

for noisy EIs is difficult and impractical, but reliable results 
can be obtained by sequentially estimating P-wave impedance 
and then S-wave impedance with two angle stacks. On the 
basis of the model examples derived from well logs, the fol-
lowing conclusions can be drawn:

1. EI inversion through the use of a three-term approxi-
mation of the reflection coefficient can be implemented by 
using a combination of estimating S-wave velocities from EI 
inversion with P-wave impedance estimated from AI inver-
sion. Estimating P-wave velocity, S-wave velocity, and density 
by using more than three angle stacks or EIs is possible; how-
ever, even a small amount of noise in EI makes the inversion 
unstable and impractical.

2. A bias in EI causes EI inversion to be highly inaccu-
rate, and the error becomes larger as the V

S
/V

P
 ratio becomes 

smaller; however, by adding reasonable low-frequency elastic 
impedances, the EI inversion provides accurate S-wave 
velocities.

3. Using the estimated V
S
/V

P
 ratios on the basis of pre-

dicted S-wave velocity is a practical approach for enhancing the 
accuracy of EI inversion or AVO inversion using angle stacks.

4. The accuracy of AVO inversion using the data from the 
AVO analysis can be improved by using an appropriate scaling 
factor, which increases as the V

S
/V

P
 ratio decreases. This cor-

rection is important for the inversion of seismic data acquired 
in unconsolidated sediments.

5. Model results indicate that the optimum inversion 
method is the EI inversion using the angle stack with vari-
able k. However, the AVO inversion using angle stacks with 
variable k or AVO inversion with proper scaling would provide 
comparable results.

6. Irrespective of inversion methods, estimated velocities 
should be calibrated with well logs or some other independent 
information to better constrain the results.
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